Introduction. Let G be a compact semisimple Lie group of rank / with finite centre, and with its Haar measure normalized to have total mass 1. Let g denote its Lie algebra, and let ίj be a maximal toral subalgebra of g. We denote by Φ the root system of (g c , \f), and fix Δ = {α/: j G /}, where / = {1,...,/}, to be a base of Φ (as in [3, §10.1]). With respect to Δ, we write Φ + for the set of positive roots, whose members are of the form with Πj{a) EZ + U {0} for all e/, and Λ + for the set of dominant weights, which parametrizes the dual object of G.
We equip the Lie algebra g with the positive definite inner product ( , •) derived from the Killing form. For each v G ί)*, we define H v e ί) by
We also transfer the inner product to ί)* via
The norm on fj* and f), induced by these inner products, will then be denoted by | |.
We choose a regular element H e fj, for which a(H) Φ 0 for all a G Φ + , and fix R > 0 such that exp(sH) is regular in G for any s G (0, R). For a continuous function /on (?, the maximal function J^ii f is defined bŷ H f(x) = sup \μ S H * /Ml Vx G (?, JG(0, Λ) where //y# is the Ad(G)-invariant probability measure carried on the conjugacy class of exp(sH) in G. This definition generalizes one in the paper of Cowling and Meaney [2] , in which H was a particular regular element of ί). Our main results are the following. 
G).
We prove Theorem A by handling first the case when G is simple, and then extend the result to the semisimple case. Our method is based on arguments of representation theory, involving formulae for characters and dimensions, a study of root systems, the theory of weights, and properties of the Weyl group, all developed in the first part of this note. The proof of Theorem A will be given in the second part. It is clear that Theorem A is sharp since the explicit expression used in [2] for the particular case in which H = H p shows no improvement is possible. In the third part of this note, we give an example which shows that Theorem B too is sharp at least in the case where G = SU (2) .
Some related results can be found in M. Christ [1] and C. D. Sogge and E. M. Stein [5] .
Throughout this note, the expressions C, C k , and C k ^ k denote various positive constants which possibly vary from line to line. These constants may depend on G, and some may also depend on the choice of H. When a constant, C say, depends on 77, we write C{H) in place of C.
We are grateful to Professor M. Cowling for his valuable suggestions during the preparation and the writing of this note. In particular, we would like to thank him for helpful discussions concerning the sharpness of the //-estimate.
Representation theoretic arguments.
We shall assume throughout this part that the Lie algebra g is simple.
1.1. We start with some formulae for characters and dimensions of representations of G. To each λ G Λ + , we associate the representation π λ , the set of weights τu λ , the character χ λ , and the dimension dχ = XλW For all λ e Λ+, we have (see [3, §22] where g% denotes the root subspace of g c corresponding to a G Φ. Assuming / > 2, we choose jo G /, and then remove α 7o from Δ to obtain Δo = {aj: j G 7 0 }, where I Q = I\{jo}.
Set ΦJ = {α G Φ + : /*/ (α) = 0}, and put Φ o = ΦJ U -ΦJ . Clearly φ 0 = -φ 0 and σ α Φo = Φo for all σ a (a G Δ o ). This shows that Φo is a root system (see [7, p. 370] ). Let f)o be the subspace of spanned by H a (a G Φo) . Then one may verify that α€Φ 0 is a semisimple subalgebra of g c , with maximal toral subalgebra f )Q (see [7, Ex. 30 of Ch. 4]). Evidently Φo is the root system of (g §, ίjg), Δo is a base of Φo, and ΦJ is the set of positive roots with respect to Δo.
Write Φo as a disjoint union of irreducible root systems, say
Let q G {1, ... , r} . Denote by \) Oq the subspace of f)o spanned by H a (a G Φθtf). Then we find that is a simple ideal of JJQ , with maximal toral subalgebra ψ Oq . We also note that We transfer these inner products to the corresponding dual spaces in the usual way.
Let ΛJ denote the set of dominant weights with respect to Δ o . We need to determine the set of fundamental dominant weights in ΛQΪ. Allowing W to act, one may observe that all the above facts still hold for the system constituted by σΦo (σ E W), as well as for that by Φo. Moreover, the two facts below explain the connection between one system and another. 
as stated. α
The proof of the theorem.
The outline of the proof is as follows. We first look for an estimate for all s e (0, R), then examine the decay for large s, and finally combine the results. The result obtained is valid under the assumption that G is simple, but then it extends to every semisimple Lie group G.
For all se(0,R),
AeΛ + ,we have (see [2, p. 813 
])
Using the multiplicity formulae, we write
Hence, we have
for all fc = 0, 1, 2, ... . Recall that WQ is the subgroup of W generated by σ a (a e Δo). For an appropriate 3* c W, we write W = U σ e^ σ^o (disjoint union). We then obtain
+ p){sH))
For each reflection σ α G 3Γ, we know that det(σ α ) = -1, σ α o; = -α, and σ α (Φ+\{α}) = Φ + \{α} (see [3, Lemma 10 .2B]). Thus, for any (7ef,we have 2i sin-a(sH) = det(σ) JJ 2isin-σα(ί/ί). 
So we have
V9ί
. , we have the estimates
Therefore, by Leibniz' rule for the derivatives of products, we obtain
for all k = 0, 1, 2, ... , as desired.
Combining this with the previous estimate, we obtain the result. As before, we choose jo e / and remove a jo from Δ to obtain while for m = M, the connection between K^M λ> and K^ is explained in §1.2. We therefore find that Fact 2 still holds, and thus the extension is clear.
3. An example: The sharpness of the estimate. We shall here consider an example concerning the sharpness of the U -estimate.
Let G = SU(2), the Lie group consisting of 2 x 2 complex matrices of the form Similarly, we observe that ^ f{yxy~ι) = ^f(x) for all x, y e G. 
